We define the notions of S 1 t × S 2 s -nullcone Legendrian Gauss maps and S 2 + -nullcone Lagrangian Gauss maps on spacelike surfaces in Anti de Sitter 4-space. We investigate the relationships between singularities of these maps and geometric properties of surfaces as an application of the theory of Legendrian/Lagrangian singularities. By using S 2 + -nullcone Lagrangian Gauss maps, we define the notion of S 2 + -nullcone Gauss-Kronecker curvatures and show a Gauss-Bonnet type theorem as a global property. We also introduce the notion of horospherical Gauss maps whch has different geometric properties of the above Gauss maps. As a consequence, we can say that Anti de Sitter space has much more rich geometric properties than the other space forms such as Euclidean space, Hyperbolic space, Lorentz-Minkowski space and de Sitter space.
Introduction
The study of Anti de Sitter 4-space is of special interested in the theory of relativity, for it represents one of the vacuum solutions of the Einstein equation. We observe that it is a Lorentzian space form with negative curvature. It is well-known that the Lorentzian space form with zero curvature is Lorentz-Minkowski space and with positive curvature is de Sitter space. These Lorentzian space forms have been well studied (cf., [10, 11, 13, 14, 15, 16] ). However, there are not much results on submanifolds immersed in Anti de Sitter space, in particular from the viewpoint of singularity theory. We must remark that although Anti de Sitter space is diffeomorphic to de Sitter space, their causalities (i.e., the structure as a Lorentzian manifold) are quite different.
In the study of submanifolds in Lorentzian-Minkowski space, the codimension two spacelike submanifolds happen to be the most interesting subjects, both from the view point of singularity theory and of the theory of relativity (cf., [10, 11, 13, 14, 15, 16] ). For instance, one of the important objects in the theory of relativity are the lightlike hypersurfaces because they provide good models for different types of horizons [6, 20] . A lightlike hypersurface is a ruled hypersurface along a spacelike surface whose rulings are lightlike geodesics. This is one of the motivations for studying the spacelike surfaces in a 4-dimensional Lorentzian space form. In [10] we studied singularities of lightcone Gauss maps of spacelike surface in Minkowski 4-space, and established the relationships between such singularities and geometric invariants of these surfaces under the action of Lorentz group. Our aim in this paper is to develop the analogous study for the spacelike surfaces in Anti de Sitter 4-space. For this purpose, we shall adapt the tools developed in the previous paper for the study of spacelike surfaces in Minkowski space to that of the spacelike surfaces in Anti de Sitter 4-space. To do this we need to develop first the local differential geometry of spacelike surface in Anti de Sitter 4-space in a similar way as the classically done for surfaces in Euclidean 4-space [17] and Lorentz-Minkowski 4-space [10] . As it was to be expected, the situation presents certain peculiarities when compared with the Euclidean case and Lorentz-Minkowski case. For instance, in our case it is always possible to choose two lightlike normal directions along the spacelike surface in a frame of its normal bundle. This is similar to the Lorentz-Minkowski case, but the image is located in three dimensional space S On the other hand, we introduce a natural S We also define a horospherical Gauss map together with its horospherical height functions on the spacelike surfaces in Anti de Sitter 4-space as an application of the horospherical geometry in Hyperbolic space [9, 12] . Such functions measure the contacts of the surface with certain SO(2)×SO(3) invariant submanifolds that we call here round horospheres, where SO(2)×SO(3) is canonically embedded subgroup of the group of semi-Euclidean motions SO (2, 3) . These are obtained as the pull-back by of the horospheres of H 3 + (−1) by τ . This Gauss map has an associated horospherical Gauss-Kronecker curvature as well as principal configurations. We state some global properties concerning these, obtained by pull-back of the corresponding results on surfaces in H 3 + (−1) ( [12, 14] ).
We shall assume throughout the whole paper that all the maps and manifolds are C ∞ unless the contrary is explicitly stated.
We can write dX = 
We have the Codazzi type equations:
where d is exterior derivative. Since e i , e j = δ ij δ(e j ) (where δ ij is Kronecker's delta), we get
In particular, ω ii = 0; i = 1, . . . , 5. It follows from the fact dX, e 1 = dX, e 2 = dX, X = 0 that
Therefore we have 24 2 
, we have dv = dξe 1 + ξde 1 + dηe 2 + ηde 2 , and
where the function K is given by:
We also have a function
We call K ± the normalized lightlike Gauss-Kronecker curvature of M = X(U ).
On the other hand, we choose the frame e 3 , e 4 of T p M with the same orientation as the frame X x , X y . We also choose e 1 as the future directed unit normal timelike vector field. Then we can take the spacelike unit vector e 2 such that det(e 1 , e 2 , e 3 , e 4 , e 5 ) > 0. If we have another future directed unit normal timelike vector field e 1 , we can choose another e 2 . However, since the normal space of M in AdS 4 is a Lorentzian plane, we have e 1 ± e 2 = e 1 ± e 2 . Therefore we have a well defined map, NG
By the above construction, we have
On the other hand, we consider a projection τ :
We can easily show that τ satisfies τ (x), τ (x) 1 = x, x 2 , for all x ∈ R 
Nullcone height functions
In this section we introduce the notion of nullcone height functions on spacelike surfaces in AdS 4 which is useful for the study of singularities of S 
The above condition is equivalent to the condition that w ∈ N p 0 M and w ∈ S
By a Lorentzian motion on AdS
4
, we may assume that p 0 = (0, 1, 0, 0, 0) ∈ AdS
. We can choose local coordinates such that X is given by the Monge form
Under the asumption (1) and taking into account that
This is equivalent to the condition that
We now consider a point p ∈ M. As a corollary of the above proposition, we have the following theorem.
Theorem 3.2 Under the assumptions of Proposition 3.1, the following conditions are equivalent:
Proof. By the general theory of unfoldings (cf., [18, 3] ), (1) and (2) are equivalent. By the assertion (2) of Proposition 3.1, (1) and (3) are equivalent.
2
We say that a point
We study next the case when the S 1 t × S 2 s -nullcone Legendrian Gauss map has the most degenerate singularities (i.e., it is constant). 
Theorem 3.3 Let M be a spacelike surface in AdS
4 ⊂ R 5 2 . (1) The S 1 t × S 2 s -nullcone Legendrian Gauss map NG + M (respectively, NG − M )
is constant if and only if there exists a unique null hyperplane N H
Proof. (1) For convenience, we only consider the case when NG , y) . For the converse assertion, suppose that there exists a null vector v and a real number c such that
This means that v is a null normal vector of M. Thus we have v = e 1 ± e 2 (x, y). This completes the proof of the assertion (1).
Since v 
This is H
+ , 0) ∩ N H(v − , 0) ∩ AdS 4 is a spacelike hyperboloid. For v ± = (1, 0, ±1, 0, 0), this is given by {(0, x 2 , 0, x 3 , x 4 , x 5 ) ∈ R 5 2 | − x 2 2 + x 2 4 + x 2 5 = −1 }. 4 S 1 t × S 2
s -nullcone Legendrian Gauss maps
In this section we consider the S
s -nullcone Legendrian Gauss map of M from the view point of Legendrian singularity theory. We give a brief review on Legendrian singularity theory mainly due to Arnol'd-Zakalyukin [1, 26] . Although the general theory has been described for any dimension, we shall just be concerned here with the 3-dimensional case. Since we only study local properties, we can consider the projective cotangent bundle π : 
is non-singular, where (q,
, 0). In this case we have a smooth 2-dimensional submanifold
is a Legendrian immersion. Then we have the following fundamental theorem of Arnol'dZakalyukin [1, 26] . We call F a generating family of L F . Therefore the corresponding wave front is
We write D F = W (L F ) and we call it the discriminant set of F. By Proposition 3.1, the image of
is the discriminant set of the nullcone height function H. We have the following proposition.
Proposition 4.2 The nullcone height function H is a Morse family of hypersurfaces.
Proof. We consider the nullcone height function H :
s , we assume that w 3 > 0, so we can write
. We now prove that the mapping
By a straight forward calculation, the determinant of the matrix
can be seen to be equal to
Since X(U ) = M is a spacelike surface, the surface in Euclidean space {(0, 0)} × R 
We consider the canonical projection π 3 : R 
where
) and we write
and
In the other coordinate neighborhoods, we have a similar expression for the Legendrian lift. This expression will be used in the next section.
S

+ -nullcone Lagrangian Gauss maps
In this section we describe some of the geometric properties of the S 
. It follows that there exists a contact morphism Φ :
where the contact structure on I × T * S 2 + |{w 3 > 0} is also given by α. We now consider the symplectic manifold T * S 2 + |{w 3 > 0} with the canonical symplectic structure ω = On the other hand, we have Σ * (H) = {(p, e 1 ± e 2 (p)) | p ∈ M } by Propsition 3.1. By the definition of Σ * (H), we have
where X E (p) = (x 3 (p), x 4 (p), x 5 (p)), w E (p) = (w 3 (p), w 4 (p), w 5 (p)) and (·, ·) is the canonical Euclidean scalar product of R
3
. Therefore, we have 
This means that NG
± M is a Lagrangian map. Since L H = Π • Φ • L H , it
Proposition 5.1 For a point p ∈ M, the following conditions are equivalent:
(
Contact with lightlike hyperbolic cylinders
We analyze in this section the geometrical meaning of the singularities of the S 1 t × S 2 s -nullcone Legendrian Gauss map on a spacelike surface X(U ) = M in Anti de Sitter 4-space. For this purpose we shall study the contacts between spacelike surfaces and lightlike hyperbolic cylinders as in the classical differential geometry. In the first place, we briefly review the theory of contact due to Montaldi [21] .
We say that the contact of X 1 and Y 1 at y 1 is of the same type than the contact of X 2 and Y 2 at y 2 if there is a diffeomorphism germ Φ :
. It is clear that in this definition R n could be replaced by any manifold. In [21] , Montaldi gives a characterization of the notion of contact by using the terminology of singularity theory. [18, 19] .
Consider the function H : AdS
is lightlike hyperbolic cylinder. Given p 0 = X(x 0 , y 0 ) ∈ U, we can take the lightlike vector v
We also have the relations
This means that the lightlike hyperbolic cylinder h 
We denote E n the local ring of function germs (R n , 0) −→ R with the unique maximal ideal 0) be function germs. We say that F and G are P -K-equivalent if there exists a diffeomorphism germ Ψ :
We now apply the usual tools for the study of the contacts between spacelike surfaces and lightlike hyperbolic cylinders. Let (x 1 , y 1 ) ) −→ (U, x 2 , y 2 )) and Φ : (S
2 ) if and only if h 1,v 1 and h 1,v 2 are K-equivalent. We define the local ring by
, where C ∞ (x 0 ,y 0 ) (U ) is the local ring of function germs at (x 0 , y 0 ) with the unique maximal ideal M (x 0 ,y 0 ) (U ). By similar arguments to those of the proof for Theorem 6.3 in [9] , we can show the following theorem: (3) h 1,v 1 and h 1,v 2 (x 1 , y 1 ) ) and Q σ (X 2 , (x 2 , y 2 ) ) are isomorphic as R-algebras.
For a spacelike surface germ
a tangent lightlike hyperpbolic cylinder indicatrix germ of X, where v ± = e 1 ± e 2 (x 0 , y 0 ). Moreover, by the above results, we adopt some basic invariants from the singularity theory on function germs. We need K-invariants for function germ. The local ring of a function germ is a complete K-invariant for generic function germs. It is, however, not a numerical invariant. The K-codimension (or, Tyurina number) of a function germ is a numerical K-invariant of function germs [18] . We denote it by
, where σ = ±. However, we call it the order of contact with the tangent lightlike hyperbolic cylinder at X(x 0 , y 0 ). We also have the notion of corank of function germs. is an open subset. By standard arguments analogous to those used in [9, 13] , we obtain the following theorem as a corollary of Lemma 6 in Wassermann [24] . (See also Montaldi [22] ). Finally, we know from the theory of Legendrian/Lagrangian singularities that a Legendrian map has a swallowtail (resp., cuspidaledge) if and only if the corresponding Lagrangian map has the cusp (resp., fold). This completes the proof. 
L-corank
We can now prove the following Gauss-Bonnet type theorem. , then
where da M is the area form and χ(M ) is the Euler number of M.
The principal idea of the proof is almost the same as that of the Gauss-Bonnet type theorem in [12] . Let π 
On the other hand, we define a mapping F :
where · is the Euclidean norm. If there exist t ∈ [0, 1] and p ∈ M such that t N(p ) + (1 − t )π Since the mapping degree is a homotopy invariant, we obtain (cf., [8] , Chapter 4, §9):
Therefore we obtain
This completes the proof of Theorem 8.1.
Horospherical Gauss maps
Kronecker curvature of M is defined as K We say that the embedding X is generic if its associated horospherical height functions family is structurally stable (see [14] ), in other words, if X is a generic embedding in H On the other hand, as seen in [12] , when M is a closed orientable surface in H 3 + (−1), we can consider a globally defined hyperbolic Gauss map on M (and thus on M ), and consequently, a globally defined Gauss-Kronecker curvature function on M (and thus on M ). For the purposes of the following result, we can either fix the superindex + or − in the above arguments and denote by K hM the globally defined Gauss-Kronecker curvature function on M and by K h the globally defined Gauss-Kronecker curvature function on M . We first observe that if dv M and dv c M represent respectively the volume forms of M and M . If M is a closed orientable spacelike surface in AdS
